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Abstract. We give estimates for the essential norms of a positive Toeplitz operator on 
the Bergman space of a minimal bounded homogeneous domain in terms of the Berezin 
transform or the averaging function of the symbol. Using these estimates, we also give 
necessary and sufficient conditions for the positive Toeplitz operators to be compact. 

1. Introduction 

The essential norm ||T|| of a bounded operator T is defined by 

||T|| e := inf{||T — K\\ ; K is compact}. 

It is easy to see that T is compact if and only if ||T|| = 0. Essential norm estimates for 
Toeplitz operators with symbol in L°° are considered in [13], [2]. In the present paper, 
we give an estimate of the essential norms of bounded positive Toeplitz operators on 
the weighted Bergman space of a minimal bounded homogeneous domain in terms of the 
Berezin transform or the averaging function. 

In 1988, Zhu [H] obtained conditions in order that a positive Toeplitz operator is 
bounded or compact on the weighted Bergman space of a bounded symmetric domain 
in its Harish- Chandra realization. He characterized the conditions by using the Carleson 
type measures, the averaging function, and the Berezin transform. In [TT], we consider 
the same problem for the Bergman space of a minimal bounded homogeneous domain. 
On the other hand, Cuckovic and Zhao [3] gave estimates for the essential norms of 
weighted composition operators by using the Berezin transform. We apply their methods 
for the case of essential norm estimates for positive Toeplitz operators on the weighted 
Bergman space of a minimal bounded homogeneous domain. Essential norm estimate tells 
us necessary and sufficient conditions for the positive Toeplitz operators to be compact. 
We obtain [HJ Theorem A] and [TT] Theorem 1.2] from the main theorem of this paper. 

Let U C C d be a minimal bounded homogeneous domain with a center t £ U (for the def- 
inition of the mininal domain, see [7J, [H]). For example, the unit ball, bounded symmetric 
domain in its Harish- Chandra realization, and representative domain of bounded homo- 
geneous domains are minimal bounded homogeneous domains with a center 0. Moreover, 
the products of these domains are also minaimal domains. We fix a minimal bounded ho- 
mogeneous domain li with a center t. Let dV(z) be the Lebesgue measure, 0(U) the space 
of all holomorphic functions on U, and L p a {U) the Bergman space L P (U, dV) D 0{U) of U. 
We denote by Ky the Bergman kernel of IA, that is, the reproducing kernel of L 2 a {U, dV). 
For a G JR., let dV a denote the measure on U given by dV a (z) := K u (z, z)~ a dV(z). 
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It is known that there exists a constant e min such that the weighted Bergman space 
L 2 a {U,dV a ) := L 2 (U,dV a ) Pi 0(U) is non-trivial if and only if a > e min (for explicit ex- 
pression of e m in, see [121 (5-1)])- For a > e m \ n , we consider the weighted Bergman space 



Let n be a Borel measure on U. For / £ Ll(U,dV a ), the Toeplitz operator with 
symbol is defined by 



If d(i(w) = u(w)dV a (w) holds for some it £ L°°(U), we have T^/ = P(uf), where P is 
the orthogonal projection from L 2 (U, dV a ) onto L 2 (U, dV a ). A Toeplitz operator is called 
positive if its symbol is positive. Throughout this paper, we assume that [i is a positive 
Borel measure on U. 

Since the Bergman kernel of a minimal bounded homogeneous domain satisfies a useful 
estimate (see [TJ Theorem A]), the boundedness of T M on L 2 (U,dV a ) is characterized by 
using the Carleson type measures, the averaging function, and the Berezin transform (the 
definitions of them, see section [2]). We obtain the following theorem from the boundedness 
of the positive Bergman projection and Zhu's method (see [2] or |15j). 

Theorem A. The following conditions are all equivalent. 

(a) T M is a bounded operator on L 2 (U,dV a ). 

(b) The Berezin transform Ji(z) is a bounded function onU. 

(c) For all p > 0, [L is a Carleson measure for L^(U,dV a ). 

(d) The averaging function ju(z) is bounded onlA. 

Theorem |A] is same as [T^| Theorem A] if U is a Harish- Chandra realization of bounded 
symmetric domain and as [HI Theorem 1.2] if a = 0, that is, the case of the non- weighted 
Bergman space. 

We estimate the essential norm of the bounded positive Toeplitz operators on L 2 (U, dV a ). 
Theorem B. Assume that T^ is a bounded operator on L 2 a {U,dV a ). Then, one has 



where the notation ~ means that the ratios of the two terms are bounded below and above 
by constants. 

Since is compact if and only ||P M || = 0, Theorem |B] yields the following corollary. 

Corollary C. Let \i be a finite positive Borel measure onlA. Then the following conditions 
are all equivalent. 

(a) T^ is a compact operator on L 2 a {U, dV a ). 

(b) Jl(z) tends to as z — >• dU. 

(c) For all p > 0, [i is a vanishing Carleson measure for L^(U,dV a ). 

(d) Jl(z) tends to as z — > dU. 

Corollary [C] is also a generalization of [TU Theorem B] or [TTJ Theorem 1.3]. 

Let us explain the organization of this paper. Section [2] is preliminaries. In 12.11 we 
review properties of the weighted Bergman spaces of a minimal bounded homogeneous 
domain. Proposition 12.21 plays an important role in the lower estimate of ||T^|| . In 12.21 



LP(U, dV a ) := D>(U, dV a ) n 0{U). 





lim sup (j,(z) ~ lim sup jj(z) 

z->dU z-fdU 
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and I2.3[ we recall the definitions of Berezin symbol, averaging function, Carleson mea- 
sure and vanishing Carleson measure. In 12.4} we prove the boundedness of the positive 
Bergman operator P^ on L 2 (U, dV a ) by using the boundedness of P.£, where T> is a Siegel 
domain biholomorphic to U. The boundedness of P£ is given by Bekolle and Kagou [TJ. 
In section [31 we show necessary and sufficient conditions for positive Toeplitz operators on 
the weighted Bergman space of a minimal bounded homogeneous domain to be bounded 
(Theorem [A}. The boundedness of P^ yields an equality (Proposition I3.ip . This equality 
means that the inner product of T^f and g in L 2 (U,dV a ) is equal to the inner product 
of / and g in L 2 (U,dfi). In section HI we estimate the essential norm of T M . We use the 

sequence {kz} z ^.gu to obtain the lower estimate of 1 1 CZ - ^. 1 1 e - In section |4T2| we prove the 
upper estimate of . We consider the estimate of the operator norm of T^(I — Q n ), 
where Q n is a compact operator defined from an orthonormal basis of L 2 (U,dV a ). By 
Proposition 13. 1[ we consider the L 2 (<i/i)-norm of (I — Q n )f and T^(I — Q n )f- Then, a 
property of Berezin transform (Lemma 14. 2[) plays an important role. 

Throughout the paper, C denotes a positive constant whose value may change from 
one occurrence to the next one. 



2. Preliminaries 

2.1. Weighted Bergman space of a minimal bounded homogeneous domain. 

For a bounded domian U C C d , it is known that W is a minimal domain with a center 
t G U if and only if 

K u {z,t) 



Vol (U) 

for any z G W (see [HI Proposition 3.6] or P Theorem 3.1]). For any z ElA and r > 0, let 

B(z, r) := {w eU \ du(z, w) < r} 

be the Bergman metric disk with center z and radius r, where du(-,-) denotes the Bergman 
distance on U. 

For / G L 2 JJA, dV a ), we write 



\mr dv Q ( Z ) (2.1) 

u J 

and we denote by (■, -) a the inner product of L 2 (U,dV a )- We denote by the repro- 
ducing kernel of L 2 (U, dV a ). It is known that 

K^\ Zl w) = C a Ku(z,w) 1+a (2.2) 

for some positive constant C a . For we denote by ki a ^ the normalized reproducing 

kernel of L 2 a (lA, dV a ), that is, 



(a), ^ l+a 



For any Borel set E in U, we define 



K^\z,z)i - \K u {z,z)i 



Vol a (E) := [ dV a (w). 
Je 
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First, we prove the following lemma. Although the proof is same as the one for the case 
of other domains (see [3], [S]), we write it here for the sake of completeness. 

Lemma 2.1. A sequence of functions {f n } in L^{U, dV a ) converges to weakly in L 2 a {U, dV a ) 
if and only if {f n } is bounded in L\{U, dV a ) and converges to uniformly on each compact 
sets ofU. 

Proof. First, we prove the only if part. Suppose {/„} converges to weakly in L 2 (U, dV a ). 
Then, it is known that {/ n } is norm bounded in L 2 a {U, dV a ) and converges to pointwise. 
Take any subsequence of {f n }- Then, there exists a subsubsequence of {f n } that converges 
to uniformly on each compact sets of U by Montel's theorem. Therefore, {f n } itself 
converges to uniformly on each compact sets of U. 

Next, we prove the if part. Suppose {f n } is norm bounded and converges to uniformly 
on each compact sets of U. Take any e > 0. For any g G L 2 (U, dV a ), there exists a compact 
set K <ZlA such that 



\g{z)\ 2 dV a {z)<e. 



(2.3) 



U\K 



Hence, we have 



\(fn,g) a \ < 



fn(z)g(z) dV a (z) 



K 



fn(z)g(z) dV a (z) 



U\K 



< IMLSUP \fn{z) \ + \\f n 



\g(z)\ 2 dV a (z) 



(2.4) 



U\K 



Since {/„} converges to uniformly on K, there exists a iV G N such that the first term of 
(12. 4p is less than or equal to || g\\ a e for any n > N. On the other hand, since {f n } is norm 
bounded, there exists a M > such that ||/ n |U — M. This together with (12.31) . we see 
that the second term of (12 Ah is less than or equal to Me. Hence, we obtain (f n ,g)a — > 
as n — t- oo. This means that {f n } converges to weakly in L? a (U : dV a ). □ 

In [7], we obtain some estimates for the Bergman kernel of minimal bounded homoge- 
neous domains. On the other hand, satisfies (I2.2jl . Therefore, we have the following 
proposition. 

Proposition 2.2. 

(a), 



For all compact set K C U , there exists a constant C > such 
< C for any z G K and w G W. 
ii) A sequence {k^ 1 } converges to uniformly on each compact sets ofU as a — > dlA. 



that C~ x < \K 



u 



Z,W) 

» 



[III) 



A sequence {k^} converges to weakly in L 2 (U,dV a ) as a — > dlA. 



Proof. First, we prove {%). Take a compact set K dlA. Then, there exists a p > such 
that K C B(t,p). By [3, Proposition 6.1], there exists a positive constant M p such that 
M~ l < \K u (z,w)\ < M p for any z G B(t,p) and w G U. This together with (Q follows 
from (i). Next, we prove (ii). Take a compact set K CU arbitrarily. From (i), we obtain 



\k^(z)\ 



K ( u\z,a) 



K, 



< 



C 



K u (a,a) 2 



y u (a, a) 

for all z G K and a G W. Since Ku(a,a) — » oo as a — > dii (see [H Proposition 5.2]), we 
obtain (ii). We also obtain (Hi) from Lemma [2. II □ 
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2.2. Berezin symbol and averaging function. For a Borel measure p on U, we define 
a function p, on U by 

p{z) := [ \k^(w)\ 2 dp(w), 



Ju 

which is called the Berezin symbol of the measure p. Since \Ku(z,w)\ is a bounded 
function on B(t,r) x U by Proposition 12.21 /I is a continuous function if p is finite. For 
fixed p > 0, we also define a function /I on W by 

/i(B(z,p)) 
Vol Q (£(*,p))' 

which is called the averaging function of the measure p.. Although the value of p depends 
on the parameter p, we will ignore that distinction. 

2.3. Carleson measure and vanishing Carleson measure. Let p be a positive Borel 
measure on IA and p > 0. We say that p is a Carleson measure for L%(U, dV a ) if there 
exists a constant M > such that 



\f{z)fdp{z)<M / 

for all / G L P (U, dV a ). It is easy to see that p, is a Carleson measure for L p a {U, dV a ) if and 
only if L p a (U, dV a ) C L^iU, dp) and the inclusion map 

i p :Ll(U,dV a )^Ll(U,dp) 

is bounded. We see that the propery of being a Carleson measure is independent of p 
([HI Theorem 3.2]). 

Suppose p is a Carleson measure for L p a (U, dV a ). We say that p, is a vanishing Carleson 
measure for LP a (U, dV a ) if 

lim / |/ fc H| p d/iH = 

whenever is a bounded sequence in LP(U,dV a ) that converges to uniformly on 
each compact subset of U. We see that the propery of being a Carleson measure is also 
independent of p ( [T2"l Theorem 3.3]). 

2.4. Boundedness of the positive Bergman operator. In order to prove Theorem 
|A~1 we use the boundedness of the positive Bergman operator on L 2 (U,dV a ) defined 
by 

P+g(z):= [ K<?\z,w) g(w) dV a (w) (2.5) 
Ju 

for g G L 2 (U, dV a ). We prove that is a bounded operator on L 2 (U, dV a ). 

It is known that every bounded homogeneous domain is holomorphically equivalent to 
a homogeneous Siegel domain (see [ID])- Let $ be a biholomorphic map from U to a Siegel 
domain V. We define a unitary map from L 2 (U, dV a ) to L 2 (D, K v ((, ()~ a dV(()) by 

tf*/(C) := /($ -1 (C)) |det J($-\C)r Q (/ G L 2 (U,dV a )). 

Then, we have 

U*oP+ = P+oU<s,. 
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Therefore, the boundedness of P^ on L 2 (U, dV a ) is equivalent to the boundedness of P£ on 
L 2 {V, Kx>(C, ()~ a dV(()). On the other hand, Bekolle and Kagou proved the boundedness 
of P£ ([U Theorem II. 7]). Therefore, we have the following lemma. 

Lemma 2.3. The operator Py is bounded on L 2 (U,dV a ). 



3. Boundedness of the Toeplitz operator 
In this section, we prove Theorem El First, we prove the following proposition. 

Proposition 3.1. For some p > 0, let fi be a Carleson measure for L^(U,dV a ). Then, 
Tpf is in Ll(U,dV a ) for any f G L 2 a (U , dV a ) . Moreover, we have 



( T nfi9) a = / f(w)g(w)d/j,(w) 
Ju 

for any f,g G L 2 a (U , dV a ) . 

Proof. For / G L 2 a {U, dV a ), we have 

ll^/||* = f I Kj?\ Z ,w)f(w)df,(w 



(3.1) 



u 



a 



< 



U \JU 



dVJz) 



\f(w)\ dfj,(w) dV a (z 



(3.2) 



Since K^*\-,z)f is in L^(U,dV a ) and fi is a Carleson measure, there exists a positive 



constant such that 



u 



|/H| dfi(w) < M I Kj?\z,w) |/H| dV a (w) 



(3.3) 



u 



Note that M M is independent of z by the definition of the Carleson measure. Therefore, 
we have 

|/HI dV a (w)) dV a {z) (3.4) 



Kft <M 2 [ 

Ju 



u \JU 



by ( 13. 2 p and (13. 3p . Moreover, the right hand side of ( 13 ,4p is equal to M 2 ||P^/ + ||^, where 
/ + := |/|. Since P^ is a bounded operator by Lemma [2.31 we have 



\TJ\\ a <M\\P+f + \\ <M\\P t 



u 



(3.5) 



Next, we prove T^f G 0(U). Since T M / G L 2 (W, dV a ), it is enough to prove (T fl f,g) a = 
for any g G Ll(U,dV a ) ± . We have 



U \JU 



Kfr\z,w)f{w)dn(w)}g{z)dV a (z) 



U KJU 



K^\w,z)g{z)dV a {z)\f{w) dfi(w) 



Pu9(w)f(w)dfi(w) 



(3.6) 



u 
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for any /, g e L 2 a {U ', dV a ) . Note that since 

/ / K£\w,z)g(z)f(w) d»(w)dV a (z)<M\\P+\\\\f\\ a \\g\\ a <oo, (3.7) 
Ju Ju 

the second equality of (13. 6 p follows from Fubini's theorem. Therefore, (I3.6P is equal to 
iigELl{U,dV a )^. 

In view of (13. 6 p for the case that g is in L 2 (U, dV a ), we obtain (13. ip . □ 

By using Proposition 13.11 we prove Theorem 1X1 

Theorem 3.2 (Theorem 1X1). Let \i be a positive Borel measure onhl. Then the following 
conditions are all equivalent. 

(a) is a bounded operator on L^iU^Va). 

(b) Ji(z) is a bounded function on hi. 

(c) For all p > 0, /i is a Carleson measure for L^iU, dV a ). 

(d) fi(z) is a bounded function onU. 

Proof. For the equivaliance of (b), (c) and (d), see [121 Theorem 3.3]. Moreover, we see 
that (c) =r- (a) follows from (13. 5p . Therefore, it is enough to prove (a) =>■ (b). Since T M 

is a bounded operator, T^ki^ is in L 2 (U,dV a ). Therefore, we have 

<^e ) ,e ) > Q = ^£S= (3-8) 
^K^\z,z) 

by reproducing property. The right hand side of (13.81) is equal to 

K(z,w)k { z a) (w) d/j,(w) = Jl(z) 



Hence, we obtain 

|/Z(*)| = \(T,ki a \k^)J< \\TJ \\ki a f 2a =\\Tj<oo. 



□ 



4. Essential norm estimates for the Toeplitz operator 

In this section, we prove Theorem [Bj By [T2| (3.4)], there exists a constant C > such 
that fi,(z) < CJI(z) holds for any z ElA. Therefore, it is enough to prove 

limsupp^z) < < Climsup/2(z). 

z^dU z^dU 

4.1. Lower estimates for the essential norm. First, we prove the lower estimate of 
the essential norm of T^. 

Theorem 4.1. If is bounded, one has 

limsup/^z) < \\T ll \\ e . 

z^dU 
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Proof. Take a compact operator K on L^(U,dV a ) arbitrarily. Since } converges to 
weakly in L 2 a (JA, dV a ) as z — > dU (see Proposition I2.2p . we have \\Kki a) \\ a -»■ as z — >• <9W. 
Hence, we obtain 

||7) t - > limsup ||(7) t - AT)fc< a) |l > limsup . (4.1) 

z^SU z-^dU 

Since ( 14. ip holds for every compact operator X, it follows that 

||Tj e > limsup ||r M A;W|| a . (4.2) 

On the other hand, since T M is bounded, we have 

Jl{z) = \{T,k^\k^)J<\\T,k^\\. (4.3) 
From ( 14. 2 p and ( 14.31) . we complete the proof. □ 

4.2. Upper estimates for the essential norm. In this section, we prove the upper 
estimate of the essential norm of T M . From now on, we fix a constant p > and consider 
the case r > p. Let U r := U\B(t,r) and dp r (z) := xu r ( z )dp(z), where is the 
characteristic function on U r . First, we show the following lemma. 

Lemma 4.2. If is bounded, one has 

Sup fir(z) < C SUp p(z), 
zdU z€U, — p 

where C is a positive constant that is independent of r. 

Proof. By the definition of the averaging function and [T2l Lemma 2.3], we have 

fir{z) — 7T~i — 7777 77 / dp(w) 



Vol Q (£?(z,p)h 

< C I \k { z a \w)\ 2 dp{w). (4.4) 

J B{z,p)nu r 



By [T2"l Lemma 2.5], we have 



Vo\ a {B(w,p)) J B (w,p) 
for any z e B(u,p). Therefore, the right hand side of (14.41) is less than or equal to 

r> f f XB( w , P )(u)\ki a) (u)\ 2 

JB(z,p)nu r Ju Vol Q (B(w, p)) 

= o f { / vTm ( iW \& ^} dv ^ 

Ju {JB(z,p)nUr Yo ^{B{w,p)) J 



Vol Q (B(w,p)) " v y 

= Csup\[ — yrdn(w) } . 

usu {J B(z,p)nB(u,p)nu r ^ol a {U{w, p)) 
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Here, assume w G B(z, p) fl B(u, p) R W r . Then, since du(w, u) < p and du(t, w) > r, we 
obtain 

du{t, u) > du(t, w) - d u {u, w) > r - p. 

Therefore, u G B(t,r — p). Hence, we obtain B(z, p)nB(u, p)nU r = for any u G U\U r - p . 
Therefore, the right hand side of (14.51) is equal to 

C sup If — — rrdp^w) 

u&B{t,r-p) U B{z,p)nB{u,p)ft4 r VOl a K 13 \ W i P) ) 

- C sup m i TW( v\ i / 

u&Ar-p »C)I a yij\u, p)j {J B(z,p)nB(u,p)m r 

< C sup p(u). 

u&A r -p 

Hence, we have (T r (z) < Cswp ueUr _ p{u). □ 

Next, we denote the operators Q n and R n on L 2 (U,dV a ). Suppose {e n } is a complete 
orthonormal system of L 2 a {U, dV a ). For n G N and / G L 2 (U, dV a ), we denote Q n by 

?( 

Qnf(z) :=^2(f,e j ) a e j (z). 

The operator Q n is compact on L 2 (U, dV a ). Let R n := I — Q n . Then we have 

lim H-Rn/IU = 

n— »oo 

for each / G L 2 {U, dV a ). Moreover, we have i?* = i? n and R 2 l = R n . 
Lemma 4.3. J/T^ zs bounded, one has 

lim sup \\T^R n f\\ L2(d , < C sup 
n ^°° ll/L=i *eZ4-„ 

Proof. First, we prove 



lim sup / \T ll R n f(z)\ 2 dp(z) = 0. 

n ^°°ll/IL=i^\w. 



(4.6) 



ll/ll Q! =l JU\U r 

Since T^R n f G L 2 a (lA, dV a ) by the boundedness of T^, we obtain 

liWtol = |<r M i? n /,^ Q )>J = |</, J R n T;^ Q )> Q | < II/ILH^t;^)^, 

where the first equality follows from the reproducing property. Hence, we have 

sup / \T^R n f{z)\ 2 dp(z)< f \\R n T;K^\\ 2 a dp(z). (4.7) 

ll/IL=l JU\U r JU\Ur 

Here, we have 

ii^ T ;^iil< ra 2 n^ Q) iia = \\Tp\\ 2 K^\ Zl z). 

Since K^\z 1 z) is in L°°(JA\U r ), we have 

lim f \\RJ*KPf dp{z) = f lim \\R n T;K^\\l dfi(z) = (4.8) 
by Lebesgue's dominated convergence theorem. We obtain (14.61) from (14 .7p and (14. 8p . 
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Next, we prove 



11/ 

By [T2l Lemma 3.1], we have 



sup / \T ll R n f{z)\ 2 dfi(z) < C sup Ji(z). 

f\\ a =l JUr Z&A r - p 



(4.9) 



/ \T ll R n f{z) | 2 d/i(z) = / \T^R n f(z) | 2 d/j r (z) 
Jw Ju 



<C / (t r (z)\T^R n f(z)\ 2 dV(z) 
Ju 

< CsVLpfT r (z) WT^RnfWl 

<c||/|| 2 su P /r r (z) 

<C\\f\\l sup 

zeUr-p 

where the last inequality follows from Lemma [4.21 Therefore, we obtain (14.91) . 

By (14 .6p and (14.91) . we have complete the proof. □ 

Similarly, we have 

Jim sup \\R n f\\ L 2 {d ^ < C sup fi(z) (4.10) 



ZGUr-p 



if T M is bounded. 



Theorem 4.4. IfT^ is bounded, one has 

\\T/j,\\ e < C]xmswpft(z). 

z-^dU 

Proof. Take any neN. Since Q n is compact, T^Qn is also compact. Therefore, we have 
ll^lle = WT^Rn + T^Q n \\ e = \\T PL R n \\ e < II T^i?^ II . 

Since 

\\T^R n f\\l < \\Rnf\\ L 2 {d ^ \\T^R n f\\ L 2 (dll) 

by Proposition I3.1[ we have 

\\TJl < \\ T n R n\\ 2 < sup \\Rnf\\^ m sup WT^RJW^y 
ll/L=i ll/L=i 

Take n — > 00. Then, we obtain 

\\Tp\\ 2 e < C sup fi(z) 

from Lemma [4.31 and (14. lUp . Letting r — > 00, we get 

ll^Vlle < Clim sup J2(z). 



z^dU 



□ 



We obtain Theorem [B] from Theorems 14.11 and 14.41 By using Theorem [Bl we obtain 
necessary and sufficient conditions for T M to be compact. 
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Corollary 4.5. Let n be a finite positive Borel measure on U. Then the following condi- 
tions are all equivalent. 

(a) Tjj is a compact operator on L 2 a {U , dV a ) . 

(b) fx(z) ->■ as z -> dU. 

(c) For all p > 0, fx is a vanishing Carleson measure for L^ilA , dV a ) . 

(d) ft(z) — > as z — > dU. 

Proof. By [T2l Theorem 3.3], we have (b) -<=>■ (c) •<=>- (d). Therefore, it is enough to 
prove (a) -<=>- (b). Assume (a) holds. Then, \\T^\\ e = 0. Since a compact operator is 
bounded, we obtain (b) by Theorem IB! Next, assume (b) holds. Since fx is continuous, fx 
is a bounded function. Therefore, is a bounded operator on L 2 a (U,dVa) by Theorem 
lAl By using Theorem [Bj we obtain (a). □ 
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